Abstract -We refine the notion of higher spin curves defined in terms of line bundles, by adding the additional structure of coherent nets of roots firstly introduced by Jarvis in terms of torsion-free sheaves. Next, we describe the boundary part of their moduli space in the case without marked points. Finally, we provide a presentation of the rational Picard group of this space.
Introduction
In [Jar01] , the moduli space of higher spin curves with the additional data of coherent net of roots is described using torsion-free sheaves. The aim of this note is to refine the notion of root given in the line bundles setting by [CCC07] with such additional data and investigate the geometry of the corresponding moduli space. This space is less singular than the one described in [CCC07] and it is thus possible to study its Picard group.
A stable r-spin curve of type m is an n-pointed curve of genus g with only ordinary nodes as singularities together with the data of a coherent net of r-th roots of type m on it. The set S 1/r,m g,n of stable r-spin curves up to isomorphisms is in one-to-one correspondence with the moduli space S 1/r,m g,n of higher spin curves described by [Jar01] , hence we can transport the scheme structure of the latter to the former and consider the two spaces as isomorphic schemes. Proposition 1.1. There is a scheme with underlying set S 1/r,m g,n (which we will still call S 1/r,m g,n ) isomorphic to the scheme S 1/r,m g,n introduced by Jarvis in [Jar01] . In particular, S 1/r,m g,n is normal and projective.
In order to describe the rational Picard group of this moduli space, we focus on the case without marked points and we restrict to one irreducible component whenever S has been studied in [RW12] , together with the relations between boundary divisors and other classes, such as the classes λ and µ. It turns out that, when the genus g is greater or equal to 9, the first holomology group over Q is zero, while the second cohomology group has rank 1. This means that, for instance, the Hodge class generates the Picard group of S 1/r g over Q.
By [Jar01] , the classes λ, {α We work over the complex field C.
2. The moduli space 2.1. Coherent nets. Le C be a stable curve of genus g. Let us start by recalling the two basic definitions of r-th root of a line bundle and of a torsion-free sheaf.
Definition 2.1 ([Jar01], r-th root of a torsion-free sheaf). Given a semistable curve C and a rank-one torsion-free sheaf K on C, an r-th root of K is a pair (E, b) of a rank-one torsion-free sheaf E and an O C -module homomorphism b :
b is an isomorphism on the locus of C where E is not singular, (3) for every p ∈ C where E is singular, it is length p (coker(b)) = r − 1.
Definition 2.2 ([CCC07]
, limit r-th root of a line bundle). Given a stable curve C, a line bundle K ∈ Pic(C) and an integer r dividing deg(K), a limit r-th root of (C, K) is a triple (X, L, α) where π : X → C is a blow-up of C at a set of nodes ∆, L ∈ Pic(X) and α is a homomorphism L ⊗r → π * K satisfying
(1) the restriction of L to every exceptional component has degree one, (2) the map α is an isomorphism outside the exceptional components, (3) for every exceptional components E i of X, the orders of vanishing of α at p
Since the moduli space of stable curves with r-th roots of a fixed sheaf is not smooth when r is not prime, Jarvis rigidified the space through the additional structure of coherent net of roots (see [Jar01] ). We aim to translate this construction in terms of line bundles on semi-stable curves.
Definition 2.3 ([Jar01], coherent net of roots). Given a semistable curve C and a rank-one torsion-free sheaf K on C, a coherent net of roots for K is a collection
all the maps are compatible. In other words it is
If r is prime, then this costruction reduces to a simply r-th root of K. Moreover, if for some d the sheaf E d is locally free, then it determines up to isomorphism all pairs (
This means that the whole net is not already encoded in the "top" root (E r , c r,1 ) only when, for some d < r, at a node p the sheaf E d is locally free but E r is not. In this case the net corresponds to the choice of a locally free d-th root E d of K and a non-locally-free (r/d)-th root of
Let us go more into details. Consider a stable curve C and a coherent net of roots
Let (E r , c r,1 ) be the top root and let ∆ be the set of points of C where E r is singular. Let us call ν : Y → C the partial normalization of C at ∆. For simplicity suppose ∆ = {p} and let {u, v} be the order of the r-th root (E r , c r,1 ) at p. This means (see [Jar01,
where ν is defined as ν F := ν * F/tors for every sheaf F, the map c r,1 is the isomorphism induced by the map c r,1 at the level of the partial normalization Y and the points {p + , p − } are the preimages of the point p under the map ν. Moreover, for every d|r, the order of the d-th root (E d , c d,1 ) at p is given by {u d , v d }, where u d and v d are the least non-negative integers congruent respectively to u and v modulo d (see [Jar01] ). From this it is clear that E d is smooth at p if and only if d divides u (and v). We can thus distinguish between the case in which u and v are relatively prime and the case in which they are not. Let us define
If gcd(u, v) = 1 then no c d,1 is an isomorphism, all E d 's are singular at p and furthermore they are completely determined by the top root by the relations
If instead gcd(u, v) = l > 1 then the sheaf E l is smooth at p and it is necessary an additional gluing datum to construct E d from ν E l . In particular, the sheaf E l := ν E l is a smooth (that is, of order {0, 0}) l-th root of ω Y (p + + p − ) and thus the l-th root E l is recovered once we choose an isomorphism φ : E l |p + → E l |p + compatible with the maps
In other words, the gluing datum corresponds to a (non-canonically determined) l-th root of unity and hence there are exactly l distinct possibilities for the gluing. We will see later that in some cases different gluings correspond to automorphisms of the underlying curve while in other cases different gluings produce different spin curves.
2.2. Torsion-free sheaves and line bundles. We restate here the main theorem linking torsion-free sheaves on stable curves and line bundles on semi-stable curves.
Proposition 2.4 ([CCC07], Proposition 4.2.2.).
Let B an integral scheme and f : C → B and f : C → B a family of nodal curves.
(1) Let π : X → C be a family of blow-ups of C and let L ∈ PicX be a line bundle having degree one on every exceptional component. Then π * (L) is a relatively torsion-free sheaf of rank one, flat over B. (2) Conversely, suppose that F is a relatively torsion-free sheaf of rank one on C, flat over B. Then there exist a family π : X → C of blow-ups of C an a line bundle L ∈ PicX having degree one on all exceptional components, such that F ∼ = π * (L). (3) Let π : X → C and π : X → C be families of blow-ups of C and L ∈ PicX , L ∈ PicX line bundles having degree one on every exceptional component.
Consider a coherent net of roots {E d , c d,d } for (C, ω C ). By Proposition 2.4, we can associate to every sheaf E d a blow-up π d : X d → C of C at the points where E d is singular and a line bundle L d ∈ Pic(X d ) having degree one on all exceptional components and such that
) at a point p ∈ C where E d is singular, then it is also the order of vanishing of α d at the points {p 
is the exceptional component coming from the blow-up.
Consider again the coherent net of roots {E d , c d,d } and let r be the order of the top root. Define X := X r and π := π r and let ∆ := {p 1 , . . . , p k } ⊂ C be the set of points where E r is singular. As we have seen above, to the coherent net of roots corresponds the collection of limit roots {(X d , L d , α d )} for every d dividing r. Since we prefer to have a fixed base space X for all line bundles, we replace the collection
We may note that, if N := N r is the top root and ν : Y → C is the partial normalization at ∆, then the line bundle N is exactly the gluing of a degree one line bundle on each exceptional component with a line bundle N ∈ Pic(Y ) satisfying
where {u j , v j } are the order of vanishing of β := β r at the points p 
on Y with the degree one line bundle on the exceptional components plus the datum of a gluing η pj d every time is needed, that is every time that d divides u (or v). We are now ready to state the main definition.
Definition 2.5 (Coherent net of roots). Given a stable curve C and an integer r dividing 2g − 2, a coherent net of roots of order r for (C, ω C ) is the datum 
is a gluing datum, otherwise it is the null map.
• all the maps β d,d are compatible.
As in [Jar01] we can define what an isomorphism of coherent net of r-th roots is. Definition 2.6 (Isomorphism of coherent nets). Given a stable curve C, an isomorphism of coherent nets of r-th roots of (C, 
Define the set
C is a stable curve of genus g, g . Thanks to this correspondence, we can transport the scheme structure of the latter to the former and consider the two spaces as isomorphic schemes. Since the latter is normal and projective (see [Jar01, Proposition 3.1.1]), the proof is over.
2.3. Marked points. The whole construction can be repeated considering also curves with marked points. We state here the analogous definitions. Let C be an n-pointed curve of genus g with only ordinary nodes as singularities, m = (m 1 , . . . , m n ) an n-tuple of integers and r ∈ N a positive integer dividing 2g − 2 − m i . Following [CCC07] , we define a r-th-root as follows.
Definition 2.8 (Limit r-th root of type m). Let (C, (q 1 , . . . , q n )) be an n-pointed curve with only ordinary nodes as singularities. We say that ((X, (q 1 , . . . , q n )), L, α) is an r-th root of ((C, (q 1 , . . . , q n )), ω C ) of type m if (X, (h 1 , . . . , h n )) is a blow-up of (C, (q 1 , . . . , q n )) at a set of nodes ∆ = {p 1 , . . . , p k }, L is a line bundle on X and α is a homomorphism
(1) the restriction of L to every exceptional component has degree one, (2) the map α is an isomorphism outside the exceptional components (3) for every exceptional component E j , the order of vanishing u j and v j of α at {p
The arguments of §2.1 and §2.2 still hold with little modifications. In particular, equation (1) becomes
while equation (2) becomes
The definition of coherent net of roots is completely analogous to the one without marked points. The only additional requirement is that each N d is now a d-th root of (C, ω C ) of type 
Boundary divisors
In order to describe the boundary divisors we restrict to the case without marked points. Since the two schemes S 3.1. Two irreducible components and one node. Let C be a stable curve with two irreducible components C 1 and C 2 of genus respectively i and g − i meeting in a double point p. Let π : X → C be its blow-up at p and ν : Y → C the normalization. Given a coherent net of roots for (C, ω C ), let us call the top root (X, N r , β r ) and let {u, v} be the order of β r,1 at {p + , p − }. We have already seen that outside the exceptional component it is
We must have the degree of ν * ω C (−up + − vp − ) divisible by r and this implies there exists a unique choice possible for u (and v = r − u), given by
See for instance [CCC07, p. 29] . If u ≡ 0 mod r, then X = C and N r ∈ Pic(C) corresponds to a line bundle N 1,r ∈ Pic(C 1 ) satisfying N If u ≡ 0 mod r, we may distinguish two cases. If gcd(u, v) = 1, then there is no need of gluing datum and, as said before, all the remaining of the net is completely determined by the top root by equation (2). If gcd(u, v) = l > 1 then there is the need to specify a gluing datum η In conclusion, a spin curve with two irreducible components and one node corresponds to an element of S denote these divisors by γ 
